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IO

Discrete mathematics is mathematics that studies separated objects and their relationships, not quantities

that change continuously. The central topics to learn first are sets, relations, and maps. However, these are

o
S

not isolated terms. They stand on propositions, predicates, quantification, and proof.

il it 1 |

Therefore, read this field in the following order.

1. Use logic and proof to prepare to read definitions precisely.

2. Use sets and set operations to handle collections of objects.

tf
6}

3. Use relations to handle connections between objects.

P17

4. Use orders and lattices to handle comparison and upper-lower structure.

JIE %

5. Use maps to handle rules that send objects to other objects.

This order expresses dependencies. Later chapters reuse sets, relations, and maps defined earlier, so do not

memorize terms as isolated labels. Follow how the ideas are connected.

1 Logic and proof

lecture || math | discrete-math

- Related page

study.bem130.com
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6 What changes and what does not change

In discrete mathematics, each operation asks, "What changes, and what is preserved?"

Object

Set operation

Equivalence relation

[F iR 7

Order isomorphism

What changes

membership conditions for elements

the viewpoint on individual elements

names and representations of elements

sending inputs to outputs

What we want to see preserved

logical structure of membership condi-

tions

the structure by which elements are clas-

sified as the same kind

comparison relations, maximum el-
ements, minimum elements, upper

bounds, and lower bounds

the rule, image, inverse image, and type of

composition

Having this viewpoint first lets you follow why each definition is needed instead of memorizing definitions

by rote.
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For each operation, explicitly check which of the input type, membership condition, comparison relation, and

reachability is preserved. This check prevents mistaken analogies when similar symbols appear.
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8 Summary

At the entrance to discrete mathematics, do not memorize sets, relations, and maps as separate items.

Pl e 6%

Understand them as connected topics built on predicates, quantification, and proof.
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Propositions, predicates, and quantification

fi el b GE =L

In discrete mathematics, the first thing to fix is what a statement is about. Sets, relations, and maps are all built

f
95 g 7%

from conditions on objects. Therefore organizing propositions and predicates first makes later definitions

easier to read.

lecture | math || discrete-math

> Related page

study.bem130.com

1 What is a proposition?

N
i el

A proposition is a statement whose truth value is determined.

2+3=5
1s true. In contrast,
r+3=5

does not have a truth value until z is specified. Therefore it is a predicate about z.
.

A predicate is a statement that becomes a proposition after an object is inserted. For example, if P(z) :

x is even, then P(2) is true and P(3) is false.

A proposition is a statement whose truth value is fixed. A statement with a remaining free variable is treated

as a predicate. A predicate becomes a proposition after a value is substituted or after it is quantified.
Yt fitft

2 Reading a predicate as a truth set

PO f

It is important to connect a predicate with a s

et. Fix a universal set U and consider a predicate P(z). Then

NN
e Lh

{zcU|P(z)}
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FHE A
HIREA

is the set of all elements that make P(z) true. This set is called the truth set.
Intuitively, a predicate is a filter, and the truth set is the collection of objects that pass through the filter.

A truth set depends on the domain of objects being allowed. Even with the same formula, changing the

domain can change the truth set and the truth value of universal quantification or existential quantification.

SR fAfERAL

3 Logical connectives

RS

Operations that build new propositions from propositions are called logical connectives.

F
i

Symbol Reading  Meaning

PAQ@ and both P and @ are true
PvQ@ or at least one of P, Q is true
-P not reverses the truth value of P
P = @Q implies if P is true, then Q is true

P < @ equivalent P and Q have the same truth value

The implication P = @ asserts that whenever P is true, @ is also true.

4 Universal quantification and existential quantification
Eginie(d fPTERIL

Quantification creates a proposition by specifying the range of a variable.

Ve € A, P(z)
means that P(z) holds for every z in A. This is universal quantification.
el

Jz € A, P(x)

means that there is at least one z in A satisfying P(x). This is existential quantification.

frERtft
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5 Move negation outside quantifiers

When negating a proposition with quantifiers, the quantifier switches.

—(Vz € A, P(x)) < 3z € A such that —-P(x)

—(3z € A, P(z)) & Vz € A, -P(x).

The negation of “everything holds” is “there is at least one counterexample.” The negation of “there exists”
Bfl

is “every candidate fails.”

lecture || math | discrete-math
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6 Example: read an inclusion relation logically

wWEBR

The statement A C B means
Ve, r € A= x € B.
Therefore the negation of A C B is
Jz such that z € A and x ¢ B.

Thus a single element that belongs to A but not to B breaks the inclusion.

L

7 Exercise link and summary

exercise || math || discrete-math
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A proposition has a truth value, and a predicate becomes a proposition after an object is inserted.

- |
i

Quantification fixes the range of a variable and supports the definitions of sets, relations, and maps.
\\‘,‘ H=E % gt Hig
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Proof methods and counterexamples
EIENES Jedsl

In discrete mathematics, it is important to keep the path from definition to conclusion short. More than
PRy

algebraic manipulation, the central skill is choosing which definition to expand. This page organizes basic

types of proof.

G|
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1 Direct proof

[EEpFIR]

A direct proof starts from the assumptions, uses definitions in order, and derives the conclusion.
TR
For example, to prove A C C from A C B and B C C, expand the definition of the inclusion relation. Take

arbitrary £ and assume x € A. Thenx € Bby A C B, and x € C by B C C. Therefore A C C.

2 Proof by contraposition
SHUSEER]

A proof by contraposition proves

ORI

-@Q = -P

instead of

The two statements are equivalent.

The injection example below previews the later chapter on maps. At this point, only the condition “if f(z) =

f(y), then z = y” is being used in order to see the form of a contrapositive.
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This method is often natural for proving injectivity. Saying that f: A — B is an injection means f(z) =
s ikt

f(y) = = = y its contrapositive is  # y = f(z) # f(y).

lecture || math | discrete-math
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3 Proof by contradiction

GEES

A proof by contradiction assumes the negation of the desired conclusion and derives a contradiction.

1
THUR

The next example previews partial orders. It does not use the full later theory; it only uses the assumptions
< IEE T B

needed for this proof. A greatest element is an element a such that z < a for every z € P, and antisymmetry

A ERSEUNE:

means that a < b and b < a imply a = b.

For example, prove that if a greatest element exists, it is unique. Suppose a partially ordered set P has greatest

4 2

elements a and b. By the definition of greatest element, a < b and b < a. By antisymmetry, a = b. Hence two

EREEURE:

distinct greatest elements cannot exist.

In a proof by contradiction, assume the negation of the conclusion and derive a contradiction with known

definitions or assumptions. If one assumes the conclusion itself, that is not a proof.

lecture || math | discrete-math
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4 Proof by cases

Bt

A proof by cases is used when the object splits into finitely many exhaustive types. In set operations, cases

often come from which sets an element belongs to.

s

For example, to prove
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AN(BUC)=(ANB)U(ANCQO),
track, for arbitrary z, the truth values of x € A, x € B, and z € C. Membership in the left side is x €

Aand (zr € Borz € C), which is equivalent to (x € Aand z € B) or (x € Aand z € C).

5 Counterexample

3]

A counterexample is one example that disproves a universal proposition.

;
% {5

The claim “every relation is symmetric” is false. Consider the relation on A = {1, 2}

A7 Sl

R={(1,2)}.

Then (1,2) € Rbut (2,1) ¢ R. Therefore R does not have symmetry.

ORNE:
For a counterexample, explicitly check both that the object satisfies the assumptions and that the conclusion

fails.

A counterexample must satisfy all assumptions while breaking the conclusion. An example that does not

satisfy the assumptions does not show that the claim fails.

6 Exercise link and summary
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In a proof, expand definitions, make the necessary quantifiers explicit, and choose the right proof pattern. A

AL fitfl

counterexample is a powerful way to show that something fails, but the counterexample must still be checked

B f1l

against the assumptions.

In exercises, explicitly name whether you are using a direct proof, a contrapositive, proof by contradiction,

o RN

proof by cases, or a counterexample. This makes the relation between assumptions and conclusion easier to

BB ]

follow.
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Mathematical induction and recursive definitions

BRI AN PR SE 2%

In discrete mathematics, arguments often add objects one by one. Mathematical induction turns the structure

BT ess e TS

"it holds at the start, and if it can advance to the next case, then it holds everywhere" into a proof method.

Mathematical induction is a proof method that extends a proposition along the natural numbers. A

B2 o ok K
B AN [EEcY4

recursive definition defines objects by giving an initial value and a rule that determines the next value from

Bt E 7

earlier values.

1 Induction form

Suppose we want to prove a proposition P(n) about a natural number n for all n > n,. Then we prove the

i HEREL

following two statements.

P(ny)

P(k) = P(k+1) (k=mn)

The first statement is the base case, and the second statement is the induction step. The temporary assump-

LB b B s
tion P(k) used inside the induction step is the induction hypothesis.
Vi DAE
Both the base case and the induction step are necessary. Checking several examples does not prove all n the
SEIEC B I B

proof needs a logical step that derives P(n + 1) from the assumption P(n).

2 Why it works

Mathematical induction can be understood through the domino metaphor. The base case says that the

s L
il LB

first domino falls. The induction step says that whenever an arbitrary domino falls, the next one also falls.

A B

Therefore every domino falls.
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More rigorously, induction can be understood as a principle equivalent to the well-ordering property of the
B Zlic:

natural numbers. If some n failed to satisfy P(n), there would be a smallest failing n. That smallest value

cannot be the base case, and the previous case should already hold, so the induction step gives a contradiction.

The base case gives the first reachable point, and the induction step gives the rule for moving one step

L JEC B R I A B S

forward. Repeating this rule finitely many times reaches any chosen natural number.
FAREL

3 Worked theorem: size of a power set

This example appears before the formal lecture on power sets. Here, | A | means the number of elements of
CEG]

te set is treated as a set with n elements.
REEA

A, P(A) means the set of all subsets of A, and a fini

0 1 i

We prove that if | A | = n, then | P(A)| = 2™.

As the base case, when n = 0 we have A = () and

P0) = {0},
so | P(A)| = 1 = 2°. It is important to state the case n = 0 explicitly. The empty set is not an exception; it is

the starting point of the formula.

For the induction step, assume that | A | = k implies | P(A)| = 2*. Add a new element a ¢ A and consider
A BT Ji
A’ = AU {a}. Each subset of A’ either does not contain a or does contain a. The subsets not containing a

are exactly the subsets of A, and the subsets containing a correspond one-to-one to sets of the form BU {a}

with B C A. Therefore

| P(A)| = 2F 4 2F = 2F+1,

lecture | math || discrete-math
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4 Recursive definitions

A recursive definition gives initial data and a rule for producing the next object, such as
ag =1, Gppq = 2a, +1
Specifying a, is necessary; the rule for producing the next term alone does not determine the values.
For a recursive definition, always check the following points.
TR 5 75
* Initial values are specified.
* The rule for producing the next object is clear.

* The range of n for which the rule is used is clear.

For a recursive definition, check that neither the initial value nor the recursion rule is missing. The fact that

P ) E 55

the same initial value and rule determine a unique object can often be proved by mathematical induction.

B (I
B R i

5 Warning

The induction hypothesis is not the statement to be proved for all n at once. It is a temporary assumption for

one arbitrary k, used only to prove the next case.

6 Related links
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7 Summary

Mathematical induction is a basic proof method for statements over the natural numbers.

B IR

Recursive definitions are used frequently when defining finite sequences, trees, graphs, and computational

PRI E

procedures.
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Basics of sets

LS

1 Introduction

The first question to fix when studying sets is this: what are we treating as one collection, and what are we
treating as a different collection? A set is not merely a bag. It is a language for collecting objects that satisfy

a condition and then reasoning by whether each object is included.
st

This lecture organizes elements, membership, the empty set, subsets, and extensionality. If this point is

i r #ote SHILH

vague, later topics such as relations, maps, and power sets become confusing because one loses track of

BER

whether something is an element or a subset.

2 Terms and definitions

A set is a collection of objects. We write
re A
when an object x is contained in a set A, and we call z an element of A. The notation z ¢ A means that x is

not an element of A.
The empty set ) is the set with no elements. It is not a nonexistent set; it is a set whose elements do not exist.

A subset expresses inclusion. The statement A C B means that, for every z,

reA=—zeB

holds. Here A C B allows A = B. The notation A C B means A C B and A + B.
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3 Method

When working with sets, do not decide only from a picture or intuition. First take an arbitrary element x and

[

transform the condition z € A into another membership condition.

This method is simple but powerful. To prove a set equality A = B, it is enough to prove
ACB and BCA.

This checks that the two sets have exactly the same elements from both directions.

4 Intuitive explanation

It is useful to imagine a set as a collection of objects carrying a label. The statement x € A says that z has the

label A. The statement A C B says that every object with label A also has label B.

From this point of view, the empty set is an empty box. Therefore it is a subset of every set A. There is no x

with z € 0, so the conditional statement "if z € ), then z € A" has no counterexample.

5 Rigorous explanation

The identity of a set is determined by extensionality. Extensionality is the principle that if
%6 YA

r€EA<zreB

holds for every z, then A = B. In other words, a set is determined by its elements, not by the way it was

written.

For example,
A=1{1,2,3}, B=1{3211}

still gives A = B.In a set, order and repetition are not recorded. If order must be recorded, use an ordered pair

I3

or a sequence. If repetition must be recorded, use a multiset.
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6 Worked example: checking a subset relation from the definition

6.1 Problem

Let A={2,4,6}and B={n€Z|nisevenand 1 <n <6}. Prove A= B.
6.2 Explanation

A set equality is proved by proving inclusion in both directions.

First take x € A. Then z is one of 2,4, 6. Each of these is an integer, is an even number, and satisfies 1 < z <

re

6. Hence r € B,so A C B.

Conversely, take z € B. Then z is an even integer satisfying 1 < z < 6. Therefore z is one of 2,4,6, so z €

A.Hence B C A.

Both inclusions hold, so A = B. This example checks the central point of this page: sets are compared by

equality of elements, not by the surface form of their descriptions.

7 What changes and what is preserved

Operation or viewpoint What changes What is preserved
Rewriting in set-builder notation = The form of the description The whole collection of elements
NE Rt
Rewriting in roster notation The way the elements are listed The set itself
A ot
Reordering the list The written order The sjgt itself

Listing an element repeatedly The visual appearance Whether each element is present
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8 How to distinguish the ideas

* If the question is whether z € A, it is a question about membership.

¢ If the question is whether A C B, start from an arbitrary z € A and derive z € B.
* If the question is whether A = B, check A C B and B C A separately.

* If order or repetition matters, a plain set does not contain enough information.
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Set operations and inclusion relations

e WL TG
1 Introduction

The important point in set operations is not coloring regions in a diagram, but transforming the condition
UE) et

that an element satisfies. Union corresponds to "or", intersection corresponds to "and", and complement

It HIESS Sy e

corresponds to "not".

Once this correspondence is fixed, De Morgan’s laws and the distributive law are not memorized rules. They

F Ay Dl SYRLEA

are derived by transforming logical conditions.
2 Terms and definitions

For ser A, B, define un’is)n, inters’e,ction, and set diff§rence by
AUB={z|z€Aorze B}, ANB={z|r€Aandz € B}, AN\B={x|z € Aand x ¢ B}.
After fixing a universal set U, the complement of A is
e e
A°=UNA={zeU |z ¢ A}

The complement depends on which universal set is being used. If this premise is omitted, the same A can

have different complements.
3 Method

To prove an identity of set operations, take arbitrary x and translate the statement into a membership

condition. For example, x € AN (B U C) means

z€A and (x€Borzel).
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Using the distributive law of logic, this becomes

G L

(reAandzx e B) or (x€ Aandze(),

which is equivalent tox € (AN B)U (AN CO).
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4 Intuitive explanation

A set operation is a way to view a combination of conditions as a set. The set A U B consists of objects that
EAE i

have the label A or the label B. The set A N B consists of objects that have both labels. The set A \ B consists

of objects that have label A but not label B.

In this view, De Morgan’s laws
(AU B)¢ = A° N B¢, (AN B)c = A°U B°

are natural. The negation of "in A orin B" is "not in A and not in B". The negation of "in A and in B" is "not

in A or notin B".
5 Rigorous explanation

The statement A C B means that, foreveryz, z € A = x € Bholds. Therefore a proof of an inclusion relation

W

must make the starting point and the target clear.

For example, AN B C A is proved in one sentence: take arbitrary x € AN B. Then z € A and z € B, so in

particular z € A.

On the other hand, A C A U B is proved as follows. Take arbitrary z € A. Thenz € Aorxz € Bistrue,sox €

A U B. Here no information about z € B is needed because an "or" statement is true when one side is true.
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6 Worked example: proving De Morgan’s law by elements

6.1 Problem

For subsets A, B of a universal set U, prove (AU B)¢ = A° N B°.
6.2 Explanation

Take arbitrary x € U. Then
r€(AUB) <=z ¢ AUB.
By the definition of union, z ¢ A U B means that it is not true that x € A or z € B. Hence
i
r¢ AUB< (x ¢ Aand z ¢ B).
This is equivalent to

x € A° and =z € B¢,

thatis, z € A° N B¢. Since the equivalence holds for every z, extensionality gives (A U B)¢ = A° N B°.

LA

7 What changes and what is preserved

Operation What changes What is preserved

AUB The condition is weakened by "or" All elements of A and B are included

ANB The condition is tightened by "and" Only elements belonging to both sets remain
A\ B Elements belonging to B are removed No element outside A is added

A The viewpoint moves outside A The universal set U is fixed

SHEEA
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8 How to distinguish the ideas

e If the condition contains "or", think of a union.
GIESE

¢ If the condition contains "and", think of an intersection.

* If the condition contains "not", think of a complement or a set difference.

* When using a complement, first check what the universal set is.

BEES

9 Proof supplement: why set operations preserve inclusion

Here we prove concretely what preservation means. Assume
PR
A C B.
Then, for every set C,

AuC CBUC, AnccBnC

hold.

To prove the first inclusion, take z € AUC. Thenz € Aorz € C.If z € A, thenz € Bby A C B, hencex €

BUC.Ifz € C, then againz € BU C. Therefore AUC C BUC.

Nexttakez € ANC.Thenx € Aandz € C. Since A C B,we havez € B,soxz € BN C. Therefore ANC C

BnC.

For complements, the direction reverses. If the universal set U is fixed, then
ACB = U\NBCU\A
Indeed, if z € U \ B, thenz ¢ B.If x € A were true, then A C B would imply z € B, a contradiction. Hence

x¢ A,soxe U\ A

This proof is also practice in reading set operations not as symbol manipulation, but as conditions on whether

an element belongs to a set.
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Families of sets and index sets

LA THRA

1 Introduction

A family of sets is introduced to handle many sets at once, not only two or three. For example, when consid-
ering the open intervals (—1/n,1/n) forn =1,2,3, ..., it is clearer to write A, = (—1/n,1/n) and treat all the

A, together.

The important point is that an index is not usually an element of the set itself; it is a label pointing to a set.
2 Terms and definitions

Given an index set [, if each ¢ € I is assigned a set A;, then (A,;),.; is called a family of sets.

i 2 A p s
T H f RO

The union of the family is defined by

s

U A; = {z | there exists ¢ € I such that z € A,}.

i€l

The intersection of the family is defined by

ﬂAi = {x |foreveryic I,z € A}

el

3 Method

For an indexed union, look for “there exists an index.” For an indexed intersection, check “for every index.”

FEEMES HTA & IGEE S

This difference between existence and universality determines the proof strategy.

For example, if z € | J,_, A4;, then there exists iy € I such that 2 € 4, . In contrast, if z € [, _, 4;, then z €

A, forevery i € I.
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4 Intuitive explanation

A family of sets can be imagined as numbered drawers, each containing a set. The union accepts an element

A e} e

if it appears in at least one drawer. The intersection accepts an element only if it appears in every drawer.

In this view, union weakens the condition, while intersection strengthens it.

5 Precise point: the empty index set

Py
NS S

The case I = () is a boundary case. The union | |, A, is the empty set, because there is no index i € () that
y on |, , A pty

can witness membership.

For the intersection ﬂie@ A,;, if a universal set U is fixed, it is often taken to be U. The condition “for every

i EHRES

i € 0, z € A,” has no counterexample.

6 Worked example: indexed intersection

R R PRt

6.1 Problem

Let A, = {m € Z | n divides m}. Describe ﬂi:l A, in words.

6.2 Explanation
The statement m € ﬂizl A, means that all of m € A;, m € A,, and m € A; hold. In other words, m is an
integer divisible by all of 1,2, 3.

Therefore ﬂi_l A, is the set of all multiples of 6. This example shows that intersection extracts elements

SRSy T

satisfying several conditions at the same time.
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7 How to identify it and related links

* If many sets with the same form appear, organize them as a family of sets.

A
ROTIR

* Use | for “belongs to at least one.”
* Use [ for “belongs to all.”

* When the index set is empty, union and intersection behave differently.

HTEE GIESE IEE Sy
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Basics of the Cartesian product

R

1 Introduction

The first thing to understand about the Cartesian product is that it turns several choices into one ordered

object. Choosing one element from A and one from B is not recorded as the unordered list a, b, but as the

ordered pair (a, b).

The order is important. In general, (a,b) and (b, a) are different objects. Therefore the Cartesian product is

a common foundation for relations, maps, coordinates, and state spaces.
5 FEER

BER

2 Terms and definitions

For sets A and B, the Cartesian product A x B is defined by

Ax B={(a,b) |a€ A, be B}.

Here (a,b) is an ordered pair its first component is a and its second component is b.

More generally, for A, A,, ..., A,
A x - x A, ={(ay,...,a,) | a; € A, for every i}.

This is the set of ordered tuples.

M £ & A

3 Strategy

When working with a Cartesian product, remember that an element is not a single unstructured value. It is

ERES

an ordered pair or tuple. Thus, if z € A x B, write z = (a, b) and extract the factsa € A and b € B.
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This strategy is used directly when studying relations. A relation is a subset of A x B. In other words, a
(3

relation is a choice of which ordered pairs to accept.
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4 Intuitive explanation: tables and counting

It is often useful to view A x B as the operation of forming rows and columns of a table. Use the elements of
A as row labels and the elements of B as column labels. Each cell corresponds to one ordered pair (a, b).
For example, if A = {1,2} and B = {z, y, 2}, then

AXB= {(1,12), (Ly)v (17Z)7 (2,$), (27y)7 (27'2)}'

In this example,

A|=2and| B|=3,s0| Ax B |=6. For finite sets, in general,
| AxB|=|A||lB].
There are two stages of choice: | A | choices for the first component and | B | choices for the second

component.

5 Precise explanation

The essential equality rule for ordered pairs is
(a,b) = (a/,b) <= (a=a" and b=10").

This property lets us compare the first and second components separately. When proving equality or inclusion

involving Cartesian products, decompose elements as ordered pairs.

The boundary case involving the empty set is also important. If A = () or B = (), then

Ax B=10.
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To make an ordered pair (a,b), both a € A and b € B are required. If one side has no elements, no ordered

pair can be made.

6 Worked example: Cartesian products and order

6.1 Problem

Let A ={0,1} and B = {1,2}. List A x B and B x A, and confirm that they are not generally equal.
6.2 Explanation

By definition,

Ax B=1{(0,1),(0,2),(1,1),(1,2)}.
On the other hand,

Bx A={(1,0),(1,1),(2,0),(2,1)}.

For example, (0,1) € A x B, but (0,1) ¢ B x A. Therefore A x B #+ B x A.

This confirms that the Cartesian product is not just an unordered combination. It records order.

7 What changes and what is preserved

Operation What changes What is preserved
switching from A x Bto B x A positions of the components the sets used as materials for selec-
tion
taking a subset of A x B which ordered pairs are accepted = each component still comes from A
o
and B
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extending to A; X - X A, the number of components each component comes from its

specified set

8 Recognition criteria

* Use a Cartesian product when several choices are recorded simultaneously.

* If order matters, treat the result as an ordered pair.

JIE > %
T

* To define a relation, first identify the ambient set A x B.

6%

* To define a map, consider a subset of A x B in which, for each a € A, the second component is unique.

9 Proof supplement: when products preserve inclusion

The Cartesian product preserves inclusion in each component. That is,
ACA' BCB = AxBCA xB.
Proof. Take (a,b) € A x B. This meansa € Aand b € B. Since AC A’ and B C B’, wehavea € A’ and b €

B’. Therefore (a,b) € A’ x B'.

The converse direction needs a nonempty-set condition. If A x B C A’ x B’ and both A and B are nonempty,
then A C A’ and B C B’. For example, take a € A. Since B is nonempty, choose b € B. Then (a,b) € A x

BC A’ x B',soa € A’. The same argument shows B C B’.

If the nonempty assumption is omitted, this conclusion can fail. Since A x () = ), the left-hand side may

contain no information about A.
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10 Exercise links
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Basics of the power set

~EED

1 Introduction

The key shift in a power set is that subsets themselves become new elements, rather than focusing only on the

L

elements of the original set. The power set collects every possible choice of which elements of A to include.

This viewpoint connects to counting, logic, state spaces, and Boolean lattices. A power set is an operation

Egd PRAEZE 7=

that turns a set into an object one level higher.

2 Terms and definition

For a set A, the power set P(A) is defined by
P(A)={B|BC A}.

Thus the elements of P(A) are the subsets of A.

The statements x € A and B € P(A) are different kinds of statements. The first says that x is an element of

A, while the second says that B is a subset of A.

3 Method: count the cardinality

flsl %

To understand a power set, think of two choices for each element: include it or do not include it. If A is finite

and | A | = n, then each element gives two choices, so
| P(A)| = 2™

This formula is also the reason for the name “power set.”
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4 Intuitive example

Let A = {a,b,c}. The power set is the collection of all results obtained by deciding whether to include each

of a,b,c.

P(A) = {0,{a},{b},{c},{a,b},{a,c},{b,c},{a,b,c}}.

Both () and A itself are subsets of A, so both are elements of P(A).

5 Precise use

By definition, B € P(A) is equivalent to B C A. Therefore proofs about a power set usually begin by

expanding
BeP(A) < BC A.

For example, if A C C, then P(A) C P(C). Take arbitrary B € P(A). Then B C A, and since ACC,

transitivity of inclusion gives B C C. Hence B € P(C).

HeRt 2k

6 Boundary case: the empty set

Sz A
ERG

For A = (), the only subset of () is () itself. Therefore

Thus | 2(0)] = 1 = 2°, which agrees with the counting formula.
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7 Worked example: decide membership in a power set

Dtchar ] REEN

7.1 Problem

Let A = {1,2}. Decide the truth values of the following statements.

le P(4), {1}eP(4), 0¢ePA)

7.2 Explanation

The elements of P(A) are the subsets of A. The object 1 is an element of A, but it is not a subset of 4,501 €

P(A) is false.

On the other hand, {1} C A, so {1} € P(A) is true. Also, the empty set is a subset of every set, so ) € P(A)

1s true.

8 The power set as an inclusion order

REPEL WENT

The formal definitions of orders and lattices come later. This section is a preview, and it uses only the

i e o

minimum vocabulary for the inclusion order. A least element lies below every element, and a greatest element

/ot KTt

lies above every element. The least upper bound of two elements is the smallest element above both, and the
1

greatest lower bound is the largest element below both.
IR

The set P(A) can be ordered by inclusion C. For B,C € P(A), if B C C, we regard B as being below C.

In this order, the least element is () and the greatest element is A. The least upper bound of B and C'is B U

[:15d LINTT e KTC L fR

C, and the greatest lower bound is BN C. This structure is a Boolean lattice.
~ IR 7 — L
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9 Proof supplement: equivalence between power sets and inclusion

An important theorem is
ACB < P(A) CPB).
First assume A C B. If X € P(A), then X C A. Since A C B, we get X C B, so X € P(B).

Conversely, assume P(A) C P(B). Take arbitrary a € A. Then {a} C A, so {a} € P(A). By the assumption,

{a} € P(B), hence {a} C B and a € B. Therefore A C B.
10 How to identify it and related links

* If a problem says to collect all subsets, think of the power set.
e Translate B € P(A) into B C A.
* Distinguish z € A from {z} € P(A).

* For a finite set with | A | = n, use | P(A4)| = 2".

HIRES
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Cardinality and countability of sets

3 GIR=R:A o

1 Introduction

For a finite set, we compare size by counting elements. For an infinite set, counting to the end is impossible.

it SRS

The key idea is: if a one-to-one correspondence can be built, the sets have the same size.

In this viewpoint, cardinality is compared using a bijection. A bijection is a correspondence with no leftovers

. i s

and no overlaps, so it abstracts the act of matching elements one by one.

When comparing cardinality, use bijections rather than visual size. For infinite sets, the boundary is whether

the set can be listed and whether a diagonal argument can defeat any proposed listing.

of it

Order note: the formal lectures on maps, injections, surjections, and bijections appear later. On this page,

1% § i gLt

use the minimum needed meanings: a map assigns one output to each input, an injection has no overlaps, a

surjection has no leftovers, and a bijection has neither overlaps nor leftovers.

2 Terms and definitions

Two sets A, B have the same cardinality when there exists a bijection A — B.

"
A set A is a finite set if, for some natural number n, there is a bijection between A and {1,2,...,n}. The case
HIREA SRR

n = 0 corresponds to A = (.

A set A is a countable set if it is finite or has the same cardinality as the set of natural numbers N.

A s -
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3 Method

, look

To compare cardinalities, construct a map rather than trying to count directly. To show | A | < | B

for an injection from A to B. To show | A | > | B |, look for a surjection from A to B. Toshow | A |=| B |,
Fb Gt

construct a bijection.
G HLG]
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4 Intuitive explanation

The set of even natural numbers 2N is a part of N. However, n — 2n is a bijection from N to 2N. Therefore,

LY

in the sense of cardinality, N and 2N have the same size.

This is where intuition for infinite sets differs from intuition for finite sets. For finite sets, a proper subset has
MEREA i RE

fewer elements. For infinite sets, a proper subset can correspond bijectively to the whole set.

5 Precise idea: entrance to the diagonal argument

pLE ST

A countable set is a set that can be listed. In contrast, the interval (0, 1) of real numbers is not countable.

Al o

The basic idea is Cantor’s diagonal argument. Suppose the real numbers in (0, 1) could be listed as ry, 75, 75, ....

o

Write their decimal expansions in a table, and choose a new real number s whose i-th digit differs from the 4

-th digit of r,. Then s differs from every r, at the i-th digit, so it is not in the list.

In a diagonal argument, assume an arbitrary listing and construct a new object that differs from the n-th listed

o i

object at the n-th position. This construction shows that the listing is not a surjection.
b
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6 Worked example: the positive even numbers are countable

[

6.1 Problem

Show that the set of positive even numbers E = {2,4, 6, ...} has the same cardinality as N = {1,2,3, ...}

6.2 Explanation

Define f : N — E by f(n) = 2n. If f(n,) = f(n,), then 2n; = 2n,. Dividing by the nonzero constant 2 gives

ny = Ny, SO f 1S an injection.
5

Take arbitrary e € E. By the definition of E, there exists n € N such that e = 2n. Therefore f(n) =e, so fis
a surjection. Hence f is a bijection, and F and N have the same cardinality.

1 G HLE i

7 How to identify it and related links

* To compare sizes, look for a bijection.
U

* To prove countability, construct a listing from the natural numbers.

28 %

* To prove uncountability, construct an element missing from an arbitrary list.

* Intuition valid for finite sets may fail for infinite sets.
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Basics of relations

BEfR

1 Introduction

The central question for a relation is whether connections between objects can be recorded by choosing which

Ed

ordered pairs to include. A relation is not a vague word; it is a subset of a Cartesian product.
O ERES

LL2d oy

» «

This definition lets statements that look different, such as “a equals b,” “a is below b,” “a divides b,” and “a

has the same remainder as b,” be treated in the same form.

iz

2 Terms and definitions

For sets A, B, a relation from A to B is a subset of A x B.

o
Rt

R C A x B.
When (a,b) € R, we say that a is related to b by R, and often write

aRb.

When A = B, arelation R C A x Ais called a binary relation on A. Equivalence relations and order relations

B fiE B 7 g7 B £

are special kinds of binary relations.

3 Strategy

When studying a relation, first identify the ambient Cartesian product. Then identify which ordered pairs are
B

N g Foxt

included.

To prove a property, check that the condition holds for all relevant elements. One example cannot prove

(e T

reflexivity or transitivity. To show failure, one counterexample is enough.

FE N B
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4 Intuitive explanation

A relation can be viewed as marking cells in a table. Each ordered pair (a,b) in A x B corresponds to the cell
Btk I}

at row a and column b. The relation R is the set of cells judged to hold.

3]

Changing a relation means changing which ordered pairs are included. As long as the ambient product A x

B is fixed, the type is preserved: first components come from A and second components come from B.

5 Important properties

Pt

For a binary relation R on A, consider the following properties.

TR (R

Property Definition Intuition
Reflexivity aRa foreverya € A each element is related to itself
FE L
Symmetry aRb implies bRa the relation holds in the reverse direction

SEANE:

Antisymmetry aRb and bRa imply a = b two different elements cannot be mutually related
FRSEiNE:

Transitivity aRb and bRc imply aRc  relations can be chained
e

Symmetry and antisymmetry have similar names, but their meanings are not opposites.
SR SR PR
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6 Worked example: check the divisibility relation

TERRDIER

6.1 Problem

On A ={1,2,3,6}, define a relation R by letting a Rb mean “a divides b.” Check that R satisfies reflexivity,

[ES]ER B4

antisymmetry, and transitivity.

FREEN: e

6.2 Explanation

For reflexivity, every a € A satisfies a = a - 1, so a divides itself. Hence aRa.

FETNE:
For antisymmetry, suppose aRb and bRa. Then there are positive integers k, £ such that b = ak and a = bl.
FSEEIN, R

Hence a = akl. Since a € A, a # 0, so dividing by a gives 1 = kf. Because k, £ are positive integers, k = £ =

1, and therefore a = b.

For transitivity, suppose aRb and bRc. Then b = ak and ¢ = bl. Thus ¢ = a(k¥), so aRec.

22

7 How to identify it and related links

* If the question is whether q and b are connected, think of a relation.
e

* If objects in the same set are compared, think of a binary relation.

JHBIFR

* If objects are grouped into classes, suspect an equivalence relation.

AP 7

* If objects are compared by size or order, suspect an order relation.

Mgty B %
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Composition and closure of relations

LR B 4%
1 Introduction

Sometimes we do not want to check a relation only once; we want to know where repeated use of the relation
can reach. For example, if direct train connections are given, we may want to know what stations are reachable

with transfers. This idea is composition of relations.

A closure is an operation that adds the minimum missing ordered pairs needed to satisfy a property.

At Mg 7

2 Terms and definition: composition

Bk

Let RC Ax Band S C B x C be relations. Define the composite relation So R C A x C by

3% Ak

a(S o R)c < there exists b € B such that aRb and bSe.

This says that we can move from a to b by R and then from b to ¢ by S.

3 Terms and definitions: identity relation and inverse relation

FEAEBR W R

For a relation R on A, the identity relation is written

BER ESINTA

Ay ={(a,a)|ac A}

The inverse relation R~} is

FULIERTER

Rt ={(b,a)| (a,b) € R}.
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4 What is closure?

P

The reflexive closure adds the self-pairs (a, a) needed for reflexivity.

R Zhth

ref —

The symmetric closure adds reverse ordered pairs.

gLy 3

Ry, =RUR™!

Sym

The transitive closure is the smallest transitive relation obtained by repeatedly adding pairs aRc forced by

fEfsPAE Hefsiy Wik

aRb and bRc.

5 Strategy

When constructing a closure, track what must be added until the desired property holds. The original relation

e E BER

must not be destroyed. A closure is an adding operation, not a deleting operation.

Here a path means a finite chain that follows relation arrows, such as aRb and then bRc. The term

£t

directed graph means only the viewpoint of drawing elements as points and ordered pairs as arrows.

tits7 7 j EFi 3t

The reflexive closure adds diagonal pairs, the symmetric closure adds reverse arrows, and the

KB PP E

transitive closure adds direct relation pairs for destinations reachable by paths.

R E

Being a minimal addition is also part of closure. That is, every relation that contains the original relation and

F/h o

satisfies the desired property must contain the ordered pairs added by the closure.

JIE 7

6 Intuitive explanation

If a relation is viewed as a directed graph, composition means following two arrows in sequence. The

R

transitive closure can be thought of as adding a direct arrow whenever a destination is reachable by following

HERPHE

some number of arrows.
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In this view, the transitive closure is the relation that records reachability. The original relation means

“reachable in one step,” while the transitive closure means “reachable in some positive number of steps.”

In terms of path length, the reflexive closure allows movement of length 0, while the transitive closure adds

ST [3EZE5)

destinations reachable by paths of positive length as direct relation pairs.

7 Worked example: construct a transitive closure

P

7.1 Problem

Find the transitive closure of the relation R = {(1,2),(2,3)} on A = {1,2,3}.

HERPH e A7

7.2 Explanation

Because 1R2 and 2R3, transitivity requires 1R3. Therefore add (1, 3).

The resulting relation is
A7

Rt =1{(1,2),(2,3),(1,3)}.
No further ordered pair is forced, so this is the transitive closure.

W fERs i1

8 Proof supplement: minimality of the transitive closure

iR w

Think of the transitive closure of a relation R as
R BE#%

Rt*=RUR?UR3U -,

where R"™ is the relation obtained by composing R with itself n times.
y p g

The relation R contains R. Also, if (a,b) € Rt and (b,¢) € R", then for some m,n > 1, (a,b)

(b,c) € R™. Concatenating the paths gives (a,c) € R™*", so (a,c) € RT.

md a

€ R™ and
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Finally, if S is any transitive relation with R C S, induction gives R™ C S for every n. Hence R C S, so R™

is the smallest transitive relation containing R.

9 How to identify it and related links

* If a relation is used repeatedly, think of composition.

ek

¢ If missing self-loops are added, it is the reflexive closure.
R

* If reverse arrows are added, it is the symmetric closure.

R

If reachability is recorded as a direct relation, it is the transitive closure.

12 fEf P
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Equivalence relations and partitions

i BA £ g

1 Introduction

The purpose of an equivalence relation is to classify objects by a rule that says when they should be treated
[RHiE B 7 o

as the same. The point is not that the objects are literally equal, but that they are the same for the purpose

currently being considered.

For example, if integers are classified by their remainder when divided by 3, then 1,4, 7 belong to the same
class. This does not mean 1 = 4. It means they are the same as long as only the remainder modulo 3 is being

observed.

2 Terms and definitions

A binary relation ~ on a set A is an equivalence relation if it satisfies the following three conditions.

TR 1 il

Condition Formula Meaning

reflexivity a~a every element is equivalent to itself
L

symmetry a~b=b~a being equivalent has no direction

SEiN

transitivity a ~ b, b~ c = a ~ ¢ a chain of equivalences remains an equivalence
224

For a € A, the equivalence class of a is defined by

R

[al] ={x € A|z ~ a}.

An equivalence class is the set of elements regarded as the same kind as a.
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A partition of A is a collection of nonempty subsets of A that are pairwise disjoint and whose union is all of

A. The subsets in the partition are often called blocks.

3 Strategy

To verify an equivalence relation, prove the three conditions separately. In particular, transitivity is easy to
SRS e

miss: from a ~ b and b ~ ¢, one must be able to derive a ~ c.
The reason to introduce an equivalence relation is to divide a set into equivalence classes. Therefore, before

asking what changes, ask what feature is being ignored so that objects are identified.

lecture || math | discrete-math
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4 Intuitive explanation

An equivalence relation can be imagined as coloring the elements of a set. Elements with the same color are
A fiE A £

treated as equivalent. Reflexivity means every element has some color, symmetry means sameness of color

FEINE: ot Pt

has no direction, and transitivity means the color does not change in the middle of a chain.
fefs 1

When this coloring is valid, the set is divided into non-overlapping subsets. That division is a partition.
5y

5 Precise explanation: from equivalence relations to partitions

Suppose an equivalence relation ~ is given on A. The collection of equivalence classes forms a partition of

A. This means two things.
1. Every a € A belongs to at least one equivalence class.

2. Any two equivalence classes are either equal or disjoint.
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The first point follows from reflexivity. Since a ~ a, we have a € [a].

L
For the second point, suppose [a] N [b] # 0. Then there exists x such that z € [a] and z € [b]. By definition,

x ~ a and z ~ b. By symmetry, a ~ z, and by transitivity, a ~ b.
SRiNE: e

Now take any y € [a]. Then y ~ a. Since a ~ b, transitivity gives y ~ b, so y € [b]. Hence [a] C [b]. The same

argument gives [b] C [a], so [a] = [b].

6 Conversely, from partitions to equivalence relations

Let a partition of A be given. Define a ~ b to mean that a and b belong to the same block of the partition.

Then ~ is an equivalence relation.
11909 5%
Reflexivity holds because every element belongs to some block. Symmetry holds because the statement
I SEani

"belong to the same block" is symmetric in a and b. Transitivity holds because distinct blocks of a partition
222k

do not overlap: if a, b are in the same block and b, ¢ are in the same block, then those two blocks share b and

therefore must be the same block, so a, ¢ are in the same block.

7 Example: equivalence by congruence

7.1 Problem

On the set of all integers Z, define a ~ b to mean that a — b is a multiple of 3. Verify that this is an

equivalence relation and describe the equivalence classes.

[FfifEBE 67 [Fff%

7.2 Explanation

For reflexivity, a — a = 0 is a multiple of 3, so a ~ a.

For symmetry, suppose a ~ b. Then a — b = 3k for some integer k. Hence b — a = —3k = 3(—k), sob ~ a.
SR
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For transitivity, suppose a ~ b and b ~ c. Then a — b = 3k and b — ¢ = 3¢ for integers k, ¢. Adding the two

HER

equations gives a — ¢ = 3(k + £), so a ~ c.

The equivalence classes are the classes according to remainders modulo 3:

[O] = {7 _67 _37 07 37 67 }a
1] ={..,~5-21,4,7,..},

2] ={.,—4,-1,2,5,8,..}.

This example shows how an equivalence relation decomposes a set into non-overlapping classes.
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8 Recognition criteria

* Use an equivalence relation when objects should be divided into classes of the same kind.

[FIfEB %

* To prove that a relation is an equivalence relation, check reflexivity, symmetry, and transitivity separately.

2 SEINE: HERS 1

* An equivalence class is not a chosen representative. It is the set of all elements equivalent to the represen-

tative.

* When a partition appears, one can define an equivalence relation by saying that two elements are in the

same block.

9 Proof supplement: equivalence relations and partitions are the same data

From an equivalence relation, form the collection of equivalence classes

IS

X/ ~=A{lz] |z € X}.

This is a partition of X. First, by reflexivity, z ~ z, so z € [z]. Therefore every element lies in at least one class.
vkl
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Next, suppose two equivalence classes [z] and [y] intersect. Take z € [z] N [y]. Then z ~ z and z ~ y. By
symmetry, z ~ z by transitivity, z ~ y. If u € [z], then u ~ z ~ gy, so u € [y]. The same argument gives [y] C

[z]. Hence [z] = [y].

Conversely, let € be a partition of X. Define z ~ y to mean that z and y belong to the same block. Each
element belongs to a block, so reflexivity holds. The condition is symmetric, so symmetry holds. If z,y are
in the same block and y, z are in the same block, then the two blocks intersect at y, and because blocks of a

partition do not overlap, they are the same block. Therefore z, z are in the same block, so transitivity holds.

10 Exercise links
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Quotient sets and the canonical projection

FiE 58 e
1 Introduction

After classifying objects by an equivalence relation, the next question is whether the resulting boxes them-

[RIfiEBE 6%

selves can be treated as elements. This idea is the quotient set.

In a quotient set, individual elements are replaced by equivalence classes as the new objects. In other words,

[ fe%

it forgets fine distinctions and collapses equivalent objects to the same point.
2 Terms and definitions

For an equivalence relation ~ on a set A, define the quotient set A/ ~ by

LTS ESE [EE

A/ ~={[a] | a € A}.

Here [a] is the equivalence class of a.

[l fiei %

Order note: the formal lecture on maps appears later. On this page, 7 : A — A/ ~ is used only in the minimal

R

sense of a rule assigning [a] to each a € A.

The canonical projection 7 : A — A/ ~ is defined by
EIAA Y

It is the map sending each element to the equivalence class containing it.

3 Strategy

When working with a quotient set, distinguish a representative from an equivalence class. The object a is an

GRS (.3 [ ek

element of A, while [a] is an element of A/ ~.
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When defining a map on a quotient set, check well-definedness. Even if the same equivalence class is written

A5 well-defined 14

using a different representative, the defined value must not change.

As a procedure, first check that the relation is an equivalence relation, and then form the equivalence classes.

fEB 6% R

The canonical projection sends each element to the equivalence class containing it.
BT ;
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4 Intuitive explanation

A quotient set is the set of the boxes produced by classification. The canonical projection sends each element

[ERY3 7 "

to “the box it belongs to.”

For example, if integers are classified by remainders modulo 3, the quotient set is

z/ ~={[0], [1], [2]}-

Here [1] = [4] = [-2]. The representatives differ, but the equivalence class they denote is the same.

(AW 11t
It is useful to think of an equivalence class as a box. One may compute using a chosen representative, but

one must check that the result does not depend on which representative was chosen; this is the check of

well-definedness.

well-defined 14

5 What is well-definedness?

well-defined k

In a quotient set, one element can be written using several representatives. Therefore, when defining some-

GG It

thing like F'([a]), one must check that if a ~ b, then F([a]) = F([b]).

This check is the check of well-definedness. If well-definedness fails, the same element of the quotient set

well-defined

can receive different values depending on the chosen representative.

fi
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To prove well-definedness, take two equivalent representatives and prove that the values or equivalence

well-defined 14

classes obtained from them are the same. Computing with only one representative is not enough.

6 Worked example: the canonical projection

[EE¥ 112

6.1 Problem

On Z, define a ~ b to mean that a — b is a multiple of 3. Find 7(5) and m(—1) for the canonical projection = :

B4R 75

Z— 7] ~.
6.2 Explanation

The canonical projection is w(a) = [a]. Therefore
B4

Since 5 ~ 2 and 5 ~ —1, this is the same equivalence class as [2] and [—1].

Also
m(—1) = [-1],
and [—1] = [2] = [5]. Therefore 7(5) = w(—1). This example shows that the canonical projection collapses

equivalent elements to the same equivalence class.

7 How to identify it and related links

* If boxes formed by an equivalence relation are treated as elements, think of a quotient set.

B i LRSS
* Distinguish a from [a]. The former is an element of the original set, while the latter is an element of the

quotient set.

* If a map on a quotient set is defined using representatives, check well-definedness.

well-defined 1
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* The canonical projection sends each element to its equivalence class.

[EEatra [l e
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Partial orders and total orders

FME - BAER 2 NEFT-BE bR

1 Introduction

For an order relation, the first point is to separate what it means for two objects to be comparable. In ordinary

I BE £

numerical order, any two numbers can usually be compared. In inclusion of sets or divisibility of integers,

bR

two objects need not be comparable.

This distinction leads to partial orders and total orders. A partial order compares the pairs that the structure

PP 7 ST E 67

allows us to compare. A total order requires every pair of elements to be comparable.

2 Terms and definitions

A binary relation < on a set P is a partial order if it satisfies the following three conditions.

TR 4 1M FP R 7

Condition Formula Meaning

Reflexivity a<a each element is below itself
S5

Antisymmetry a <b,b<a = a=0>b mutual comparison forces equality
Bt

Transitivity a<bb<c=a<c theordercan be relayed through an intermediate element
EEAL:

If @ <bor b<a holds, then a and b are comparable. If every two elements of a partially ordered set are

LecATfg RISy

comparable, the order is a total order.

AINEF ) £
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3 Method

To prove that a relation is a partial order, check reflexivity, antisymmetry, and transitivity separately. These

P B £
three checks are the partial-order part.
After that, check whether every pair of elements is comparable. If yes, the order is total. If not, it remains a

partial order but is not total.

lecture || math | discrete-math
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4 Intuitive explanation

A total order is an order that can be placed in one line. The usual order < on real numbers is total because,

A FE R
T 3

for any a, b, eithera < borb < a.

A partial order allows branching. The sets {1,2} and {1, 3} are not comparable by inclusion, because neither

M B £

contains the other. However, {1} C {1, 2} is comparable. Thus inclusion is a partial order, but not usually a

total order.

5 Representative examples

5.1 1. Inclusion order on a power set

On P(A), define B < C by B C C. This is a partial order. Reflexivity is B C B antisymmetry is the fact that

L2y

B C C and C C B imply B = C transitivity is the fact that B C C and C C D imply B C D.

It is not usually total. If A = {1,2, 3}, the sets {1,2} and {1, 3} are not comparable.
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5.2 2. Divisibility order on positive integers

On the positive integers, define a < b to mean that a divides b. This is a partial order. But 2 and 3 do not

FEIEFP R 7

divide each other, so they are not comparable. Therefore divisibility is not a total order.

5.3 3. Usual numerical order

The usual order < on R is a total order because for all a,b € R, eithera < borb < a.

MR 6%

6 Worked example: partial but not total

6.1 Problem

Let A = {1,2,3}, and define an order on P(A) by
B<(C<«< BCC.

Show that this is a partial order but not a total order.

FEIEFE R 7 2B %

6.2 Explanation

Reflexivity holds because B C B for every B € P(A).
Antisymmetry holds because B C C' and C' C B imply B = C by extensionality of sets.
SR

Transitivity holds because B C C and C' C D imply B C D. Thus inclusion on P(A) is a partial order.

However, {1,2} and {1,3} are not comparable because neither contains the other. Hence the order is not

total.
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7 Recognition criteria

* If the comparison relation satisfies reflexivity, antisymmetry, and transitivity, suspect a partial order.

L RE: FREEURE: iZEAE FIE B £

* If every two elements are comparable, the order is a total order.

T SN B 67

* A single incomparable pair is enough to show that an order is not a total order.

* Do not confuse an equivalence relation with an order relation. Equivalence relations use symmetry, while
R £7 SEiN

order relations use antisymmetry.

FRSEUNE:

8 Proof supplement: restricting an order to a subset preserves the order

Let (X, <) be a partially ordered set, and let Y C X. Define a relation on Y by

y1§y2 = Yy <Y

Then (Y, <) is also a partially ordered set.
Y 4

Reflexivity follows because every y € Y is also an element of X, so y < y holds in X. Antisymmetry follows

S FREEUNE:

because y; <y, and y, <y, mean y; <y, and y, <y, in X, hence y; = y,. Transitivity is inherited in the
Y Y R

same way from X.

Furthermore, if (X, <) is a totally ordered set, then (Y, <) is also totally ordered, because any two elements
Y

RIEFFHE A
el G

of Y are also elements of X and are therefore comparable.

This proof shows that restricting an order to a smaller set does not break the order axioms.
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Hasse diagrams, maximal elements, and minimal elements

Hasse [X| Kot |V AVIH

1 Introduction

In a partially ordered set, not every two elements have to be comparable. Therefore the structure is often

2 IE 7 4 T

easier to see by drawing vertical order information instead of forcing all elements into one line. This drawing

is a Hasse diagram.

Hasse [

The terms maximal element and greatest element, and likewise minimal element and least element, are easy

AT G\ e/t

to confuse. A Hasse diagram makes the difference visible.
2 Terms and definitions

For a partially ordered set (P, <), the notation a < b means a < b and a # b.

If a < band thereisno ¢ € Psuch thata < ¢ < b, then b covers a. In a Hasse diagram, only this cover relation

Hasse [X] e

is drawn, smaller elements are placed lower, and larger elements are placed higher.

JL

3 Maximal, greatest, minimal, and least

A maximal element is an element with no strictly larger element above it. A greatest element is an element

AT T AT

m such that z < m for every z € P.

A minimal element is an element with no strictly smaller element below it. A least element is an element m

hot U\VH

such that m < zx for every x € P.
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4 Method

When drawing a Hasse diagram, do not draw every comparison relation. Omit the lines forced by transitivity

Hasse [2 LR R
and keep only the cover relations.
e B £

This omission reduces the visible number of edges, but it preserves the reachable up-down structure of the

partial order.
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5 Intuitive explanation

A greatest element is one element above every element. A maximal element is an element from which you

J
Rt

cannot move upward. Thus there may be several maximal elements, but if a greatest element exists, it is

unique.

The lower side is analogous. A least element is one element below every element, while a minimal element is
/N F/

an element from which you cannot move downward.

6 Worked example: maximal elements and greatest elements

[TV NI ICYNTw

6.1 Problem

Order P = {{1},{2},{1,2},{1,3}} by inclusion C. Find the maximal elements and the greatest element.

fRTT I
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6.2 Explanation

The set {1,2} contains {1}, and {1, 3} also contains {1}. However, {1, 2} and {1, 3} do not contain each other,

so they are incomparable.

There is no element of P strictly larger than {1, 2}, and likewise none strictly larger than {1, 3}. Therefore

the maximal elements are {1,2} and {1, 3}.

A greatest element would have to contain every element of P. Since {1,2} does not contain {1, 3} and {1, 3}

does not contain {1, 2}, no greatest element exists.

7 How to tell them apart

* A greatest element must be above every element.

-
R KIC

* A maximal element only has to have no strictly larger element above it.

R TG

* Aleast element must be below every element.

fR/NIT

* A minimal element only has to have no strictly smaller element below it.
/Nt

* A Hasse diagram omits edges implied by transitivity.

Hasse %] iged
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Order isomorphisms and well-orders

gLy Il 2 Ly

The purpose of studying partial orders is to treat size and comparison not only as numerical values, but also

as structure. The important ideas here are maps that preserve order and order isomorphisms, which express

75 Mgy ) 2

that two order structures are essentially the same.

For an order isomorphism, look not at the names or representations of elements, but at whether the compar-

I ] 24

ison relation itself is the same. For a well-order, every nonempty subset, not just the whole set, is required to

%51 IF

have a least element.

VIt
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1 Order-preserving maps

Order note: the formal lectures on maps and bijections appear later. On this page, use a map as a rule assigning
o

one destination to each element, and use a bijection as a correspondence with neither overlaps nor leftovers.

For partially ordered sets P,Q, a map f : P — @ is an order-preserving map if

L ae A e R 77515
z<y= flz) < fy)
P Q
This means that the map does not destroy comparable relationships. It does not have to preserve the names
of elements or numerical distances. What it preserves is the order.

2 Order isomorphism

A map f: P — Q is an order isomorphism if it is a bijection and

I 5 ] 5 4x H I

<y flz) < fy)
P Q
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When an order isomorphism exists, P and @ are the same as order structures. Even if the element names are

Mg [ 2

different, the information about which element is below which other element corresponds perfectly.
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3 Chains and antichains

A chain is a subset in which every two elements are comparable. An antichain is a subset in which any two

H S S8

distinct elements are incomparable.

If the power set P({1,2}) is ordered by inclusion, then
0c{1}c{1,2}

1s a chain. On the other hand,

{1}, {2}

is an antichain, because neither set contains the other.

In a chain, every two elements are comparable. In an antichain, any two distinct elements are incomparable.

Only comparisons inside the chosen subset matter.

4 Well-orders

A totally ordered set P is a well-order if every nonempty subset has a least element.

ST A S5 I Bor e /Nt

The natural numbers N with the usual order are well-ordered. On the other hand, the integers Z with the
8

usual order form a totally ordered set, but not a well-order, because Z itself has no least element.

eIEF A 1| I

A well-order is a stronger condition than a total order. It is not enough for the whole set to have a least

B SIS

element; every nonempty subset must have a least element.
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5 What we are viewing without changing

An order-preserving map preserves the direction of order. An order isomorphism preserves order-theoretic

ME R A7 AR e [ 24

properties such as comparability, greatest elements, least elements, upper bounds, lower bounds, joins, and

meets.

The joins and meets listed here are defined formally in the next lecture on lattices. At this point, they are only

Zh Y 3

being named in advance as examples of properties determined by the order alone.

Conversely, element names, concrete representations, and numerical distances are not what is being

preserved.

In particular, if f : P — @ is an order isomorphism, then greatest elements, least elements, maximal elements,

Mg [ %Y

minimal elements, upper bounds, lower bounds, chains, antichains, joins, and meets are preserved. For
example, if g is greatest in P, then for every q € Q there is p € P with f(p) = ¢, and p < g gives g = f(p) <
P Q

f(g). Thus f(g) is greatest in Q.

What an order isomorphism preserves is order-theoretic structure such as comparison, maximal elements,

Mgy [ 7 fATE

greatest elements, upper bounds, and lower bounds. Numerical differences and element names are not the

3 ; <
AT 7 5

preserved data.
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7 Summary

Order isomorphism expresses that two order structures are essentially the same. A well-order is an order

L 54 A

structure that supports induction and minimal-counterexample arguments.

I
i

An order isomorphism says that the order structure stays the same after renaming elements. A well-order is

L= [ 7 1| gy

the strong order condition that every nonempty subset has a least element.
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Basics of lattices
i

1 Introduction

The central idea of a lattice is that, in a partially ordered set, any two elements have a best common upper

IS A It
element and a best common lower element. These are called the join and the meet.
In a total order, the larger and smaller of two objects are determined immediately. In a partial order, two
REFF R 1 IELF 3165

objects may be incomparable. Even then, if there is a best candidate above both and a best candidate below

both, a lattice structure is present.
4

For a lattice, every pair of elements must have both a join and a meet. A partially ordered set is not automat-

ically a lattice; one must check whether the best upper and lower bounds exist.

The words "larger" and "smaller" do not always mean ordinary numerical size. In an inclusion order they

15 BT

mean being a larger or smaller set, and in a divisibility order they mean divisibility. Therefore the join and

BRI

meet must always be read from the order being used.

2 Terms and definitions

Let (P, <) be a partially ordered set. An upper bound of a,b € P is an element u € P such that
. L
a <wu, b<u.
A least upper bound of a and b is the smallest element among their upper bounds. It is called the join and is
written | “
aVb.

A lower bound of a,b € P is an element [ € P such that

[<a, [<b.
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A greatest lower bound of @ and b is the largest element among their lower bounds. It is called the meet and

1s written

aAb.

A partially ordered set is a lattice if every pair of elements has both a join and a meet.
R’

Distinguish an upper bound from a least upper bound, and a lower bound from a greatest lower bound. When
.

N 5 YN

there are several candidates, the join or meet is the best one with respect to the order.

3 Strategy

To check whether a partially ordered set is a lattice, do not look only for ordinary maximum and minimum.
i

For every pair a, b, check the set of common upper bounds and the set of common lower bounds. If the upper

bounds have a least element and the lower bounds have a greatest element for every pair, the poset is a lattice.

lecture || math || discrete-math
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4 Intuitive explanation

The join a V b 1s the smallest element that is still above both a and b. The meet a A b is the largest element

that is still below both ¢ and b.

For sets ordered by inclusion, "above" means "contains." Therefore the smallest set containing both sets

is their union, and the largest set contained in both is their intersection. For positive integers ordered by

HIESS) SR sy

divisibility, "above" means "is a multiple of," so join becomes least common multiple and meet becomes

greatest common divisor.
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5 Examples

5.1 1. Powersets ordered by inclusion

For a set A, the power set P(A) is ordered by inclusion C. For B,C C A,
£al

Bv(C=BuUC, BANC=BnC.

Thus (P(A),C) is a lattice. Moreover, ) is the least element and A is the greatest element. This is a basic

PN it /NIT e ATC

example of a Boolean lattice.
[7—n3]
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5.2 2. Positive integers ordered by divisibility

For positive integers, define a < b to mean that @ divides b. In this order, a V b is the least common multiple,

I/NAERL
and a A b is the greatest common divisor.

For example, for 6 and 10, the upper bounds are common multiples of 6 and 10, and the least one is 30. Hence

6 V 10 = 30. The lower bounds are common divisors of 6 and 10, and the greatest one is 2. Hence 6 A 10 = 2.

6 Worked example: finding join and meet in inclusion order

6.1 Problem

Let A={1,2,3}, B={1,2},and C = {2,3}. Find BV C and BA C'in (P(A), Q).
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6.2 Explanation

In the inclusion order, the join is union. Therefore

BVC=BUC ={1,2,3}.

This is the smallest set containing both B and C.

The meet is intersection. Therefore
BAC=BnC ={2}.

This is the largest set contained in both B and C.

This example confirms that the abstract definition of a lattice corresponds to the set operations U and N in

*

the powerset ordered by inclusion.

7 What changes and what is preserved

Viewpoint What changes What is preserved
Looking at a partially ordered set incomparable pairs are allowed reflexivity, antisymmetry,
I 2] Rt
transitivity
i
Looking at a lattice every pair is required to have a join = the partial order
R I FP R 7
and a meet
Looking at a Boolean lattice complements are also considered  the lattice structure given by

fii S

union and intersection

An order isomorphism preserves comparison, so if a join or meet exists, its corresponding element has the
JIFi 7 [ 7 TS ey

same role on the other side. What is preserved is not a numerical value, but the optimality determined by the

order.
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8 Recognition criteria

* If every pair has a least upper bound and a greatest lower bound, the poset is a lattice.
e/ B5R SN R

* In the inclusion order, join is U and meet is N.

LI

* In the divisibility order, join is least common multiple and meet is greatest common divisor.

* In a total order, the larger of two elements is their join and the smaller is their meet.

-
To decide whether a poset is a lattice, check arbitrary pairs, not only representative examples. If even one

pair lacks a join or a meet, that partially ordered set is not a lattice.

9 Proof supplement: monotonicity of meet and join

In alattice, if a < b, then
3

aNc<bAc, aVe<bVe.

This means that meet and join preserve order.

First prove the statement for meet. The element a A ¢ is a lower bound of @ and ¢, soaAc<aandaAc <
c. Since a < b, we also have a A ¢ < b. Hence a A ¢ is a lower bound of b and ¢. Because b A ¢ is the greatest

lower bound of b and ¢, it follows thata A ¢ < b A c.

The join statement is proved dually. The element b V ¢ is an upper bound of b and ¢. Since a < b < bV ¢ and
B

c < bVe, itis also an upper bound of a and c. Because a V c is the least upper bound of a and ¢, we get a vV

c<bVe.
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Basics of Boolean algebra

7 — AR

Boolean algebra is a structure for treating logic and set operations in the same formal shape. The proposi-

i) FaiE

tional operations “and,” “or,” and “not” correspond to intersection, union, and complement of sets.

HSTi P ESE flit e L
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1 Correspondence between propositions and sets

Fix a universal set U, and let the truth set of a predicate P(x) be

SREL FHES

Sp={zeU]|P(z)}.
Then logical operations and set operations correspond as follows.
Logic  Set
PAQ SpnS,
PvQ SpuUSy

This correspondence lets us read transformations of logical formulas as set operations.

e
SR
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2 A power set is a Boolean algebra
G 7= AR
For any set U, the power set P(U) becomes a Boolean algebra using the inclusion order, union, intersection,

and complement.

XVY=XUY
XANY=XNnY
“X=U\X

Here V corresponds to join, and A corresponds to meet.
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3 De Morgan’s laws

F -« EAH vkl

De Morgan’s laws say that negation interchanges “and” and “or.”

In logic,
~(PAQ) & (=P)V(=Q)
~(PVQ) < (=P)A(-Q)
and for sets,

UN(ANB)=(U\A)U(U\B)

UN(AUB)=(U\NA)N(UN\B).

4 What is being abstracted

Boolean algebra temporarily ignores whether the objects are propositions or sets, and focuses only on the laws
satisfied by the operations. The preserved structure concerns joins, meets, complements, greatest elements,
0N b Y i

and least elements.
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This abstraction lets logical circuits, families of sets, conditional branches, and search conditions be handled

by the same formal rules.

The point is that even after replacing concrete propositions or sets, calculations use the same laws for joins,

¢
EE1

meets, and complements. We are looking at the structure preserved by the operations, not at the objects

iy

themselves.

5 Proof supplement: uniqueness of complements

fifivc

In a Boolean algebra, the complement of z is unique. Suppose y and z are both complements of z, meaning
7 — M AEK fhic
zAy=0, xzVy=1, cANz=0, zVz=1.
Then

y=yAl=yA(xzVz)=(yAz)V(yAz)=0V (yAz)=yAz<z

The same argument gives z < y, so antisymmetry implies y = z.
RO

6 Proof supplement: De Morgan’s laws

F - =7 v DN

Using uniqueness of complements, De Morgan’s laws can be proved cleanly. For example, it is enough to

show that 2’ V ¢’ is a complement of z A y.

@Ay A (@' VY) = @Ay Aa)V((zAy) Ay) =0,

(xAy) V(' Vy)=(xVvVz'Vy)AN(yVz' Vy)=1.
Therefore uniqueness of complements gives
(xANy) =2"Vy'

The same method gives (z Vy) =z’ Ay’
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7 Exercise link and summary
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Boolean algebra is a structure connecting logic and set operations. The power set is the most basic Boolean

(AW 4 e R4

algebra, and De Morgan’s laws are central calculation laws in it.

LA Y DR

md a390b43  p. 99


https://study.bem130.com/exercise/math/discrete-math/%E9%A0%86%E5%BA%8F%E5%90%8C%E5%9E%8B%E3%81%A8%E3%83%96%E3%83%BC%E3%83%AB%E4%BB%A3%E6%95%B0-%E5%9F%BA%E6%9C%AC%E6%BC%94%E7%BF%92/

book:en

data/lecture/math/discrete-math/ G D FEA-{#i5.n.md md 9852956

Basics of maps

it
B

1 Introduction

The first question for a map is whether each input determines a unique output. A map is a special kind of
514 AN )

relation, but it has stronger conditions than an arbitrary relation.

This condition is what makes the notation f(a) meaningful. If one a had several outputs, f(a) would not be

a single value. If it had no output, f(a) would be undefined.

2 Terms and definition

For sets A, B, amap f: A — Bis a rule assigning to each a € A a unique element b € B.

R

The set A is the domain, and B is the codomain. The assigned value is written f(a). The range, or image, is

TE S fi iR

the set of outputs that actually appear:
i

f(A) ={f(a)[ac A}.

Always f(A) C B.

3 Images and preimages

1% Wi

For a subset § C A, the image of S is

f(8) ={f(a) [a €S}

For a subset T' C B, the preimage is
fHT)={ac Al fla) T}

The notation f~(T) does not assume that an inverse map exists. A preimage is defined for every map.
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4 Strategy

To check whether a relation is a map, separate two requirements.
74

1. For every a € A, at least one output exists.
2. For every a € A, at most one output exists.

If both hold, each input has exactly one output, and the relation is a map. From the relation viewpoint, f is a
s

subset of A x B such that for every a € A there is exactly one b with (a,b) € f.

lecture || math | discrete-math
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5 Intuitive explanation

A map can be pictured as drawing one arrow from each element on the input side to the output side. The

defining condition is that exactly one arrow leaves every input.

An element on the output side may have no incoming arrows, or it may have several incoming arrows. That

is not a problem for being a map. Additional restrictions on these incoming arrows lead to injections and

L

surjections.

=
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6 Precise explanation

Foramap f: A — B, images and preimages go in opposite directions. An image sends a subset of the A side

5% & UiE Bor ety

to the B side:
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SCA = f(S)CB.
A preimage sends a subset of the B side back to the A side:
TCB = fYT)CA.

A preimage is defined even when the map is neither an injection nor a surjection.
i} &b

7 Worked example: distinguish codomain and range
ek fifi}k

7.1 Problem

Define f: {1,2,3} — {a,b,c,d} by f(1) = a, f(2) = b, and f(3) = b. Find the codomain and the range.

S5 (829

7.2 Explanation

The codomain is the set specified in advance as part of the type of the map. Therefore the codomain is

{a? b’ C7 d}.

The range is the set of outputs that actually occur as values. In this example only a and b occur, so

f(A) = {a,b}.

The elements ¢, d are in the codomain, but not in the range.

8 What changes and what is preserved

Change What changes What is preserved
Enlarging the codomain whether surjectivity holds the value of each input
ek ferjit il
Restricting the domain the range and the judgment of the values of the remaining inputs

bk i

injectivity
HHY
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Extracting a map from a relation which ordered pairs may be used

XY Ak JE{ F 30t

9 How to check and related links

* If every input has exactly one output, it is a map.

V|

* If one input has multiple outputs, it is not a map.
* The codomain is the declared set of possible outputs.

* The range is the set of outputs actually reached.

ik

* A preimage is defined even when no inverse map exists.
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the ambient product A x B
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Images and preimages of a map

% W G

=

A map sends elements by a rule. In set theory, however, we often study how whole subsets move, not only

Tt IS S

individual elements. The tools for this are the image and the preimage.
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1 Image

it
R

Let f: A— Band S C A. The image of S is defined by

f(8) ={f(x) € B|z € S}.

This is the set obtained by applying f to the elements of S.

T

In particular, f(A) is the range. Distinguish the codomain B from the range f(A).

fititek &I

2 Preimage

Wifg

Let T C B. The preimage of T is defined by

fHT) ={z e A| f(z) e T}.

Although the notation f~!(T) is used, no inverse map has to exist. A preimage means “all inputs whose

outputs lie in T,” so it is a different concept from an inverse map.
H
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3 Preimages work well with set operations

g A

Preimages preserve unions, intersections, and complements.

IS ST GRS

AT UT) = (T U fH(T)
AT NT) = 5T n (1)

fHB\T)= A\ f7Y(T)

The reason is that each statement is decided only by whether f(z) belongs to the relevant output-side set.

4 Be careful with intersections of images

ik oy 63

Images behave well with unions:
& IESE

f(S1USy) = f(S1) U f(Ss)-

However, for intersections, generally only

F(S1NSy) C f(Sy) N f(S,)

can be guaranteed. Equality does not always hold.

5 Counterexample: images do not preserve intersections

% SRy

For a concrete example, let A = {1,2}, B = {0}, with f(1) = 0and f(2) = 0.Let S; = {1} and S, = {2}. Then
S]_ n Sz = @,

@. But

so f(S;NS,)

f(81) N f(Sy) = {0} N {0} = {0}

This happens because f is not an injection: different inputs collapse to the same output.

f A )
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6 What changes and what is preserved

An image carries an input-side subset to the output side. If a map is not an injection, different elements may
R Bty Hi4 Hitpf i

collapse to the same element, so the size of a set and the structure of intersections may change.

A preimage pulls an output-side condition back to an input-side condition. Because the truth of the condition

is checked directly through f(z), preimages interact well with set operations.

7 Proof supplement: why preimages preserve set operations

Uil ESEN ]

For f: X - Y and B;,B, CY, prove
FHBLUB,) = fH(By) U fH(By)
by rewriting the membership condition:
€ f1(BUB,) < f(z) € ByUB, <= f(z) € By or f(z) € By <>z € f~}(B,) U f}(B,).

The intersection and complement identities are proved in the same form.

8 Exercise link and summary
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An image pushes a set forward, while a preimage pulls a condition backward. Always distinguish a preimage

R

from an inverse map a preimage is defined even when no inverse map exists.
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Injections, surjections, and bijections
Hisgt it 4

1 Introduction

For amap f: A — B, the next questions are whether the map collapses information and whether it reaches
R i

the whole codomain.

An injection sends distinct inputs to distinct outputs. A surjection reaches every element of the codomain. A
/1 i

4 A1

&) T

bijection has both properties and has an inverse map as a one-to-one correspondence.
e HLG WG

2 Terms and definitions

A map f: A — Bisaninjection if for all ay,a, € A,

ok

flay) = f(ay) = a; = a,.

Equivalently, a; # a, implies f(a;) # f(ay).

Amap f: A— Bisasurjection if for every b € B there exists a € A such that f(a) = b. This is equivalent to
st

f(4) = B.

A map f: A— Bisabijection if it is both an injection and a surjection.
4 B

3 Strategy

To prove injectivity, assume f(a,) = f(ay) and derive a; = a,. This proves the direction “same output implies
4

M ”
same mput.
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To prove surjectivity, take arbitrary b € B and construct a € A satisfying f(a) = b. The important point is to

St

start with an arbitrary element of the codomain B.

s

To prove bijectivity, either check injection and surjection separately, or construct an explicit inverse map.
o U pULAE
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4 Intuitive explanation

An injection preserves distinctions on the input side. Different inputs do not collapse to the same output, so

g A i

the output can distinguish the input.

A surjection covers the codomain. Every element declared in the codomain must actually be reached from

N 2
2l S0 JC

some input.

A bijection is a correspondence with no collisions and no unused codomain elements. For finite sets, the
/wi,J Tt

existence of a bijection corresponds to the two sets having the same number of elements.

5 Counting viewpoint for finite sets

When A, B are finite sets, the existence of an injection A — B implies | A | < | B |, because distinct inputs

HREA it A1

require distinct outputs.
o

The existence of a surjection A — Bimplies | A | > | B |, because covering the whole codomain requires at

et 3

least as many reached values as elements of B.

For finite setswith| A | =| B

, injection implies surjection, and surjection implies injection. This conclusion

uses finiteness.
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6 Warning for infinite sets

For infinite sets, finite counting intuition does not directly apply. For example, if N = {0, 1,2, ...}, then n

PR LA

n + 11s an injection N — N, but it is not a surjection because 0 is not reached.

i 4

7 Worked example: decide injection and surjection
Hi g}

7.1 Problem

Let f:{1,2,3} — {a,b,c} be defined by f(1) = a, f(2) = b, and f(3) = b. Decide whether f is an injection,

§

a surjection, or a bijection.
T 4ol

7.2 Explanation

We have f(2) = band f(3) = bwith 2 # 3. Different inputs are sent to the same output, so f is not an injection.
AT ) B

Also, for the codomain element ¢, there is no z € {1, 2, 3} such that f(z) = c. Therefore f is not a surjection.

30 £
Since a bijection must be both injective and surjective, f is not a bijection.

s

8 How to identify them and related links

* For an injection, check whether any output collision occurs.

AL

* For a surjection, check whether any codomain element is missed.
4 Fek

* For a bijection, check for both no collisions and no missed codomain elements.
o

* Changing the codomain can change whether surjectivity holds.
o
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Composite maps and inverse maps

B BUKERCY

1 Introduction

The key to a composite map is to read a map as an operation. A map f : A — B sends an element of A to

an element of B, and a map g : B — C sends that result further into C. Performing these two operations in

sequence 1s composition.

An inverse map is an operation that restores the original input. To restore inputs, no two inputs may have

collapsed to the same output, and no element of the output side may be left unused. This condition is exactly

bijection.

2 i

2 Terms and definitions

Given maps f : A — Band g : B — C, define the composite map go f : A — C by

(g f)(a) = g(f(a)).

The notation g o f means that f is applied first and g is applied second.

The identity map id, : A — A on a set A is the map defined by
id4(a) = a.
Foramap f: A — B,ifamap h: B — A satisfies
hof=id,, foh=idp,

then h is called the inverse map of f and is written f~!.
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3 Method

For a composite map, check the types first. To form g o f, the codomain of f must match the domain of g. At

st 2

minimum, f(A) C dom(g) must hold.

For an inverse map, check that f is a bijection before writing f~! as a map. A preimage f~1(T) is defined for
AR G puided

any map, but an inverse map f~! : B — A exists only when f is bijective.
y map p y ]
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4 Intuitive explanation

A composite map is like connecting machines in series. Put an input a into the first machine f, and the output
is f(a). Put that output into the second machine g, and the output is g(f(a)). The whole machine is therefore

gelf.

An inverse map is a machine that reconstructs the input from the result. If two inputs collapse to the same
output, the output alone cannot tell which input was used. If some element of the codomain is never reached,

there is no input to send back from that element.
5 Rigorous explanation: inverse maps and bijections

Suppose f: A — Bhas an inverse map h : B — A.If f(a;) = f(a,), then applying h to both sides gives

ViR

h(f(a1)) = h(f(az)).
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Since ho f =id,, we get a; = a,. Hence f is an injection.
i

Also, for any b € B, put a = h(b). Then f(a) = f(h(b)) =bby f o h =idg. Hence f is a surjection.

it
Conversely, if f is a bijection, then for every b € B there exists a € A with f(a) = b, and injectivity makes this
L i

a unique. Therefore one can define f~1(b) = a. Without this uniqueness, the value of the inverse map would

not be determined.

6 Worked example: composite maps and inverse maps

6.1 Problem

Let A ={1,2,3} and B = {a,b,c}. Define f : A — Bby

f(1) =1, f(2)=c, f(3) =a.

Check that f is a bijection and find its inverse map.

G HLG HHR

6.2 Explanation

The values f(1), f(2), f(3) are b, ¢, a, and they are distinct. Thus distinct inputs are sent to distinct outputs,
N} i

so f is an injection.
g5

Every element of the codomain B = {a, b, c} appears as a value of f. Therefore f is a surjection. Hence f is

T IR i

a bijection.
.

The inverse map is obtained by reading the arrows backward:

7 How to distinguish the ideas

* Ingo f, fis applied first and g is applied second.
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» Before forming a composite map, check that the output type and the next input type match.

* An inverse map exists only for a bijection.

UCAC 4x I

* Do not confuse a preimage with an inverse map.

8 Proof supplement: why composition preserves injectivity and surjectivity

Let f: X Y and g:Y — Z. If both f and g are injective, then g o f is injective.

To prove this, assume (g o f)(z;) = (g ° f)(z,). This means g(f(z;)) = g(f(z5)). Since g is injective, f(z,) =

f(z5). Since f is injective, z; = x,. Therefore g o f is injective.

If both f and g are surjective, then g o f is surjective. Take arbitrary z € Z. Since g is surjective, there exists

it
i

y € Y with g(y) = z. Since f is surjective, there exists x € X with f(z) = y. Hence (go f)(z) = 2.

Combining these two statements, the composite of bijections is again a bijection. The existence of an inverse

4 HLG

map is another way to say that injectivity and surjectivity hold at the same time.

9 Exercise link
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